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Entropy Production in
Finite-Difference Schemes

where

DJ+ 1/2 = RJ+ 1/2 (A + — A~) /+
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Introduction

T O insure that shocks are accurately captured, the conser-
vative form of the equations of motion of a fluid are

typically solved. Since implicit numerical diffusion often pre-
vents the formation of phenomena that violate the second law
of thermodynamics, the second law is usually not solved.
However, solutions computed with the high-accuracy total
variation diminishing (TVD) schemes introduced in the early
1980s often violated the second law. In particular, expansion
discontinuities often formed in first-order-accurate calcula-
tions of stationary wave fields. As a consequence, various
modifications to the schemes were incorporated to insure that
the correct solutions were obtained. Unfortunately, other
forms of nonphysical entropy production can still occur. As a
result, there has been an increase in interest in schemes that
satisfy an entropy condition.1'4

To better quantify the source of numerical errors in finite
difference schemes, we examine the level of entropy produc-
tion associated with a variety of wave fields and schemes to
determine the origin of nonphysical production. The concern
is not solely that the scheme satisfies the second law but to
what degree the second law is satisfied. To do this, the
Riemann problem is investigated by solving the conservative
form of the unsteady Euler equations. That is,

where

and

dt dx

Q = (p, pu, Et)T

= [pu, Pu2+p,(Et+p)u}T

(1)

The initial conditions consist of two quiescent states, designated
L and R. For convenience, all variables are nondimensional-
ized with respect to conditions in the high-pressure side L.

Finite Difference Scheme
The governing equations are integrated in time using a

discrete, conservation-law form of Eq. (1),

(2)

The indices / and n refer to the spatial and temporal discretiza-
tions. The numerical flux E"+ ,/2 is an approximation to the
true flux at the cell face. It is computed by a flux-difference
splitting analysis based on Roe's approximate Riemann
solver.5 The numerical flux is represented as

(3)
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A ± = A / - I A I —

&, = 1 + I/O)

C = 1 + 1/(1 - co)

For supersonic cases, a fix to the u ± a eigenvalues prevents
the occurrence of a stationary expansion discontinuity at the
sonic point, which violates the second law. For example,

A = sign(X)VX2 + (ea)2

where a is the speed of sound and e is a free parameter,
generally less than about 0.3.

This algorithm is a derivative of a scheme used by
Chakravarthy and Osher.6 It is at least second order accurate,
and for the linear case it is stable for Courant numbers less
than one. The term co is a free parameter that allows a variety
of schemes to be evaluated. More specifically, the cell-face
flux is represented by a linear combination of a central (co = 0)
and an upwind (co = 1) representation for E. The minmod
limiter is used to obtain high-accuracy TVD solutions:

$fo y) = sign(x) max{0, min[ \x I , sign(#) y]}

Nonlimited and first-order-accurate solutions are obtained by
setting $(x, y) equal to x and 0. Additional details can be
found in Ref. 7.

Entropy Production
The amount of entropy in the domain consists of the en-

tropy at time t = 0 together with any additional entropy pro-
duced by the numerical representation of the governing equa-
tions. This is calculated with

Pi
wr-Ax, (4)

The numerical production of entropy in the domain is com-
puted with a simple two-point temporal difference of S. The
jump in entropy across the shock wave is used to calculate the
exact rate of production:

-S=pRW[s] (5)

The term [5-] is the jump in entropy across the shock and Wis
the shock speed.

Numerical results are presented for the initial conditions
PL /PR = 8 and PL/PR = 6. For the sake of brevity, we focus on
this single (subsonic) case. Results for other conditions were
qualitatively similar. Unless stated to the contrary, the follow-
ing values were used in all of the calculations: A* = 0.004,
Ax = 0.01, / = 0.2, a; = 0.6, and e = 0. No entropy correction
was applied since it should not be necessary for this subsonic
case. .

First-order-accurate, nonlimited second-order-accurate, and
second-order-accurate TVD results are compared with the
exact solution in Fig. 1. The variation of entropy in the do-
main is displayed in Fig. 2. For a sufficiently large time, the
correct production rate develops, despite the lack of dissipa-
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tive phenomena in the governing equations. However, an
overproduction of entropy is associated with all three methods
immediately after the integration is begun. As evident in the
figure, the numerical production can swamp the real produc-
tion in the domain. The level of overproduction is greatest for
the first-order-accurate scheme and least for the nonlimited
second-order-accurate scheme. The increase in entropy pre-
dicted by both the first-order and the TVD scheme is identical
for the first step. For the jump initial conditions, the minmod
limiter returns a value of zero for all evaluations, and hence
first-order-accurate representations for the fluxes occur.

For a fixed spatial cell size, a reduction in time step had little
effect on the excess production in the domain. A typical result
is displayed in Fig. 2. If both At and Ax are reduced while a

Fig. 1 Typical solutions of the Riemann problem (PL/PR = 8,
PL/PR =6, f =0.16).
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Fig. 2 Variation of total entropy with time for Ar = 0.004.
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Fig. 3 Entropy production of individual wave fields (TVD solution).
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fixed ratio is maintained, the overproduction of entropy de-
creases linearly with grid spacing.

To determine which wave field is responsible for the over-
production of entropy, the initial conditions are modified to
correspond to each wave field separately. The flux of entropy
into and out of the boundaries is accounted for in the calcula-

. tion of S to isolate the production associated with the wave.
The production associated with the three individual fields,
together with the composite curve, is displayed in Fig. 3. There
is a slight difference between the sum of the individual compo-
nents and the composite field because of interactions between
the fields in the startup phase of the calculations, before the
discrete representations of the fields separate from each other.

During the startup process there is an overproduction of
entropy associated with the expansion fan. This quickly drops
(to a negative value) and asymptotes to the exact production
rate (zero). The production in the expansion fan can be made
positive by employing a large enough value for e. This causes
the expansion fan to diffuse to a greater extent and it increases
the overproduction in the fan.

The entropy production associated with the contact surface
is small and asymptotes to zero, but it is negative during the
entire calculation. A variety of cases were examined, and this
behavior was consistently observed.

The production associated with the shock is initially high,
but it rapidly approaches the vicinity of the exact solution.
The oscillations in the production are a result of the discrete
representation of the shock wave. As grid points move
through the shock, the entropy production varies. The impor-
tance of the discrete representation of the shock is discussed in
Ref. 8.

For the composite TVD solution, the correct level of en-
tropy production occurs when the three wave fields encompass
a total of about five cells. For the test case examined here, this
corresponds to a time of 0.02. In contrast, the production rate
predicted by the first-order-accurate scheme does not ap-
proach the exact solution until t = 0.3. When an entropy peak
occurs between the shock and the contact surface, limiting at
the extrema may significantly slow the approach to the exact
entropy-jump solution.
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